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In some papers concerned with the exact solution of the equations 
of a nonrelativistic single-energy beam of charged particles (e.g. .  
[1. 2]), the opinion has been expressed that, while the method of 
separation of the variables has possibilities, serious difficulties can 
arise in obtaining the actual systems with separated variables. In 
particular, it has become popular, when investigating regular elec- 
trostatic flows, to transform to a coordinate system connected with 
the trajectory. In this system the v e l o c i t y  v e c t o r  only has one corn- 
portent, say Y = {7,x,. ~t, 0}, so that flow only occurs in the x ! di- 
rection (x I flow). We shall also refer to a single-component flow, 
as in [3]. This method is thought (e.g. ,  [4]) to be effective for a 
wide class of flows. The question of the coordinate systems that al- 
low flows in the x I direction is more specialized than the general 
problem of separation of variables. 

The concept of an x t flow is discussed in w from the point of view 
of its utility for obtaining solutions of the regular electrostatic beam 
equations. Transformation to a coordinate system connected with the 
trajectory is found to be only justifiable for four orthogonal systems: 
cartesian, cylindrical, helical-cylindrical, and spherical. It is shown 
that. in the case of two-dimensional systems on a plane with con- 
formal metric, the condition required for an x I flow and the condi- 
tions for the space to be euclidean can be used effectively to estab- 
lish the existence in the given class of coordinate systems of an x x 
flow starting from a f i c t i t i o u s  emitter (w The usual tensor notation 
is employed. 

w F o l l o w i n g  [5], a f low wi l l  be  c a l l e d  r e g u l a r  i f  

t h e  g e n e r a l i z e d  m o m e n t u m  is  a p o t e n t i a l  v e c t o r .  In 

t he  a b s e n c e  of  a n  e x t e r n a l  m a g n e t i c  f i e ld ,  H = 0 ( e l e c -  

t r o s t a t i e  b e a m ) ,  t h i s  i s  e q u i v a l e n t  to  h a v i n g  

O W  i'~ O~vi. ~ O, t'i = ---= 
e ~ Oxi~ Ox ~ 

w h e r e  W i s  t h e  a c t i o n  r e f e r r e d  to t h e  p a r t i c l e  m a s s ,  

a n d  v i a r e  t h e  c o v a r i a n t  v e l o c i t y  c o m p o n e n t s .  A s i n -  
g l e - e n e r g y  r e g u l a r  n o n r e l a t i v i s t i c  b e a m  of  p a r t i c l e s  

o f  l i ke  c h a r g e  i s  d e s c r i b e d  in  t he  s t a t i o n a r y  c a s e  w i t h  

H = 0 [3, 6] by  a s i n g l e  n o n l i n e a r  f o u r t h  o r d e r  d i f f e r -  

e n t i a l  e q u a t i o n  in  W. In a e u r v i l i n e a r  c o o r d i n a t e  s y s -  
t e m  xi  (i = 1, 2, 3), t h e  m e t r i c  in  w h i c h  i s  g i v e n  b y  

dS (2)= gi~ dxi d X k ,  

t h e  e q u a t i o n  in  q u e s t i o n  i s  

( 1 . 1 )  

, 0 I ~ n O W  0 ~ r -  jz 0 ~ ~ O W  = 0 .  ( 1 . 2 )  

In t h e  c a s e  of  a f low in  t he  x 1 d i r e c t i o n ,  t h i s  b e -  

c o m e s  [3, 7] 

/ ix) w"t, ~d2w .&.. f//Ox l(x)w% dWdx 1 _4- / (x) h (x) w~/, = F (x s, xS), 

/ ( x )  = Fg~g~l '/' (g.)~ o , . r -  ~ Og", 
L(r.)~ j , h ( x )  _ Vi 0~ k r g g  ~) ,  

[~w ~2 ( 1 . 3 )  w = ( v ~ )  s --- ~ o ~  ] ' 

1, pp.  3 - 7 ,  1966 

w h e r e  F(x  2, x 3) i s  a f u n c t i o n  r e s u l t i n g  f r o m  i n t e g r a -  

t i on  w i t h  r e s p e c t  to  x 1, and  f(x) = f (x  1, x 2, x2). 
S e v e r a l  a u t h o r s  [ 7 - 1 2 ]  h a v e  c o n s i d e r e d  the  n e c -  

e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  f o r  a s i n g l e - c o m p o -  
n e n t  f low in the  x 1 d i r e c t i o n :  w h e n  t h e s e  a r e  s a t i s -  
f ied ,  ( 1 . 3 )  b e c o m e s  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  
in w(x l ) .  T h e  s u f f i c i e n t  c o n d i t i o n s  f o r  x I f low a r e  g i v -  

en  in  [7] a s  

] (x) = ~ (xl)F (x 2, x3), h (x) ---- ~F (xl) .  ( 1 . 4 )  

E x a m p l e s  of  s o l u t i o n s  f o r  w h i c h  (1 .4 )  a r e  no t  s a t -  

i s f i e d  a r e  m e n t i o n e d  in [8, 9]. T h e  e x a m p l e  in  [8] i s  
p l a n e  f low a l o n g  h y p e r b o l i c  t r a j e c t o r i e s  w i t h  c o n s t a n t  

s p a c e  c h a r g e  d e n s i t y ,  f i r s t  d i s c u s s e d  in [13], f o r  

w h i c h  

] (x} ----- 4 [(zl)  ~ + (x~)S], h (x) = [(zl)  2 + (x2)S] -1 ,  

x I ---- 1/2 (x 2 - -  y~), z 2 ---- zy, W ---- z 1, ( 1 . 5 )  

w h e r e  x, y a r e  C a r t e s i a n  c o o r d i n a t e s .  I t  i s  s h o w n  in 
[9] t h a t  f o r  t he  p l a n e  p e r i o d i c  f low d e s c r i b e d  in  [14] 

/ (x) = i6  [l  - -  2 exp (x 2) cos x 1 + exp (2x2)], 

x t = Re (2i In sc z), x 2 = I m  (2i In sc z), 

W =  z 1, z = z + ig. ( 1 . 6 )  

S o l u t i o n s  ( 1 . 5 )  and  ( 1 . 6 )  c o r r e s p o n d  to  f l o w s  w h i c h  

m a y  no t  s t a r t  f r o m  t h e  a c t u a l  e m i t t e r .  In [9], a s o l u -  

t i o n  i s  q u o t e d  w h i c h  d e f i n e s  s p a c e - c h a r g e - l i m i t e d  

e m i s s i o n  f r o m  the  p l a n e  y = 0: 

~Y x 1 = eaXy (y), x 2 = x - -  f ~ dy, 

W = x  1 ( a=cons t ) ,  
(1.7) 

w h e r e  Y i s  a f u n c t i o n  s a t i s f y i n g  a n  o r d i n a r y  d i f f e r e n -  

t i a l  e q u a t i o n  [1];  t h e  s o l u t i o n  (1 .7 )  i s  found  b y  s e p a r a -  

t i o n  of  t h e  v a r i a b l e s .  N o t i c e  t h a t  (1 .7 ) ,  l i k e  o t h e r  s o l u -  
t i o n s  of  t h e  f o r m  W = K(xl)L(x2) ,  i s  i n v a r i a n t  [15] .  T h e  

m e t r i c  o f  s y s t e m  ( 1 . 7 )  a g a i n  d o e s  no t  s a t i s f y  c o n d i -  

t i o n s  ( 1 . 4 ) .  
I t  i s  s h o w n  in  [16, 17] t h a t  w h e n  E q s .  ( 1 . 4 )  a r e  s a t -  

i s f i e d  s i n g l e - c o m p o n e n t  f lows  a r e  o n l y  p o s s i b l e  in  f o u r  

o r t h o g o n a l  c o o r d i n a t e  s y s t e m s :  C a r t e s i a n  x, y, z ;  

c y l i n d r i c a l  R, r z ;  h e l i c a l - c y l i n d r i c a l  qt,  q2, z;  and  
and  s p h e r i c a l  r ,  0 ,  r T h e  c l a s s  of  c o o r d i n a t e  s y s -  

t e m s  c o n s i d e r e d  in  [17] i s  w i d e r  t h a n  in  [16] .  I t  w a s  

found  t h a t  t h e  t r a j e c t o r i e s  c o u l d  b e  s t r a i g h t  l i n e s ,  c i r -  

c l e s ,  o r  h e l i c e s .  L e t  us  t r y  to  s e e  why  t h e r e  s h o u l d  

b e  so  f ew p o s s i b l e  t r a j e c t o r i e s :  w h e t h e r  i t  i s  t h a t  c o n -  

d i t i o n s  ( 1 . 4 )  a r e  no t  s u f f i c i e n t l y  g e n e r a l ,  o r  f o r  s o m e  

o t h e r  r e a s o n .  



Undoubtedly, any regu la r  flow can be represen ted  
as a s ing le -componen t  flow by taking the par t i c le  t r a -  
j ec to ry  as  one of the coordinate  axes and putt ing x l = 
= W. In this coordina te  sys t em the covar ian t  veloci ty 
component  is uni ty v 1 = 1 (v 2 = v~ = 0), and from (1.3) 
the n e c e s s a r y  condit ion for x 1 flow becomes  [8] 

! (x)h (z) = F (z ~, z~). ( i .  8) 

The whole point is whether  the concept  of s ing le -  
component  flow is advantageous for desc r ib ing  a giv-  
en r e g u l a r  flow. 

The t r a n s f o r m a t i o n  f rom a fixed coordinate  sys tem 
to a sys t em connected with the t r a j e c t o r y  impl ies ,  
ma themat ica l ly ,  an a t tempt  to reduce the par t i a l  dif-  
fe ren t ia l  equat ion (1.2) to an o r d i n a r y  di f ferent ia l  equa-  
t ion.  It is shown in [17] that  this  is a more  specia l ized 
p rob lem than the p rob lem of sepa ra t ing  the va r i ab l e s  
in (1.2). It is  ha rd ly  s u r p r i s i n g  that the va r i ab le s  can 
be separa ted  for the equation in a l imi ted  n u m b e r  of 
coordina te  s y s t e m s .  

The examples  of [8, 9] encouraged o ther  authors  
[10-12]  to look for  m o r e  genera l  ( formal ly  speaking) 
suff ic ient  condi t ions  for x I flow. The condi t ions  quoted 
in [11] a re  

l (x) = r (z~)F ( z t  z ~) + V (z), 

] (z)h (x) = W (xl)F (x 2, x a) -}- H (x), (1.9) 

where  the funct ions  G(x), H(x), w(x l) a r e  connected by 
the equation 

d~ OC (~) d~ 4_ H (x) w = 0. 

The condi t ions  (1.4), (1.9) were  shown in [17] to 
re la te  to two qua l i t a t ive ly  d i f fe ren t  c l a s s e s  of flow. 
When (1.9) a r e  sa t i s f ied ,  the o r d e r  of the equat ion 
for w is lowered,  with the r e s u l t  tha t  the two condi -  
t ions  cannot  be sa t i s f ied  on the e m i t t e r  because  of 
this  d i f fe ren t ia l  equat ion.  It i s  obvious ly  poss ib le  in 
p r inc ip l e  to sa t i s fy  them by a r r a n g i n g  the m e t r i c  of 
the coordina te  s y s t e m  in which the flow is s ing le -  
component ,  s ince (p = g i iw/2 .  However,  this  device,  
l ike the n e c e s s a r y  condi t ion  (1.8), has  no p rac t i ca l  
value,  s ince  the coord ina t e s  involv ing  these  specia l  
p r o p e r t i e s  of the m e t r i c  t e n s o r  can  only be de t e rmined  
a f te r  f inding the r e l evan t  solut ion by some o the r  me t h -  
od (that does not involve  the s i n g l e - c o m p o n e n t  p r o p e r -  
ty). Hence the so lu t ions  fo r  which (1.9) hold, and 
which one can hope to find by us ing  the concept  of x 1 
flow, a re  degenera te  and cannot  d e s c r i b e  the flow 
f rom an actual  e m i t t e r .  

The following th ree  ca se s  a re  now poss ib le :  
1) The p r o b l e m s  of f inding the coord ina te  sy s t em 

in which s i n g l e - c o m p o n e n t  flow is  poss ib le ,  and of 
i n t eg ra t ing  the o r d i n a r y  d i f fe ren t i a l  equat ion d e t e r -  
m i n i n g  this  flow, a re  approached independent ly  of 
one another .  Th i s  is e s s e n t i a l l y  the approach adopted 
in [17], and the concept  of s i n g l e - c o m p o n e n t  flow 

p roves  useful  he r e .  
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2) In addit ion to the solut ions W = W(x 1) invest igated 
in [17], the re  a re  solut ions [18] of the more  genera l  
type W = K(xl)L(x2)M(xa); for these,  the coordinate  
sy s t em involving s ing le -componen t  flow is found af ter  
solving the o rd ina ry  di f ferent ia l  equation; this is  the 
case  for (1.7) and all  o ther  inva r i an t  solut ions.  

3) The coordinate  sys tem in which the flow is  in 
the x 1 d i rec t ion  can be found af ter  solving the in i t ia l  
pa r t i a l  d i f ferent ia l  equation (1.2). 

The concept of x 1 flow c l ea r ly  has no p rac t i ca l  
value in e i the r  the second o r  the th i rd  case .  

w It Will be shown that some posi t ive r e su l t s  can 
be achieved by ut i l iz ing the n e c e s s a r y  condit ion (1.8). 
The d i scuss ion  will  be confined to plane s ing l e - compo-  
nent  flows in coordina te  sys t ems  with the conformal  
m e t r i c  

x 1 = Rek(z) ,  x ~ =  Imk(z) ,  

g n =  g 2 ~ = ~  (*=x+tY)" (2.1) 

In this case ,  condit ion (1.8) becomes  

t [{0gla { 0 ( ~  1 F(x' ) .  (2 .2 )  
4g -''/L\ oxz j -4- k 8x~ / ] = 

In addit ion to sa t i s fy ing (2.2), the m e t r i c  mus t  be 
Eucl idean.  The l a t t e r  impl ies  the van ish ing  of the 
R iemann-Chr i s t o f f e l  t e n s o r  

or  sa t i s fac t ion  of the six Lam~ ident i t ies ,  five of 
which a re  au tomat ic  in the plane case,  while the sixth 

becomes ,  r e c a l l i ng  (2.1) [17], 

o's o's i [ (og , / ,  ( og ~,] 
(o=l),,+ (-~-~x~)2= YL\Ox~ ] + \~ . /  ]" (2.3) 

1 ~ . Cons ider  f i r s t  whether  coordinate  s y s t e m s  
exis t  for which g = o~(xt)fl(x 2) and in which x I flow is  

poss ib le .  Solution of (2.2) and (2.3) gives  

g ~ a exp (b.r ~) (a, b ~ conSt) �9 (2.4) 

This  gives the coord ina tes  x 1 = ~, x 2 = In R and 
shows that  flow is  poss ib le  in the r d i rec t ion .  Noting 
that  for  solut ions  of the  type cons ide red  in th is  s ec -  

tion, 

i 0 1 / '~  jtk Og l~ \ ~)~1 ___ (gll)'/I, (~ : 1/2 gl l ,  ~) - -  2 Vg" 0 7  ( " ~  ~ ) '  

the following e x p r e s s i o n s  a re  obtained for  the phys i -  
cal  ve loci ty  component  v$, the potent ia l  ~o, the space 
charge  dens i ty  p and the act ion W: 

Vt~ = R -1,  (~ ~ 1/2 R -2,  ~) = 2R -4, W = 4 .  (2 .5 )  

The ex i s tence  of solut ion (2.5) is shown in [10]; it  is  
wr i t t en  in t e r m s  of d i m e n s i o n l e s s  flow p a r a m e t e r s .  

2 ~ Cons ide r  whether  x 1 flows can exis t  in coord i -  

nate  s y s t e m s  for  which 

g -- [a (x 1) + [~ (x2)l - l -  (2 .6 )  
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Here ,  (2.2) and (2.3) g ive  

a" = a0, a '~ + P'~ = (a + 6) (ao + P"),  

a0 = co . s t .  (2.7) 

These  f o r m u l a s  hold p rov ided  

(t) flit" - -  6 '2 + a d ~  = co.st,  6" = co.st; (2) a = const. 

It can  be shown that,  when o~ = const ,  the so lu t ion  
l eads  to (2.4).  In c a s e  (1), we have 

a (z')  = ' s  a0 (x')  ~, 6 ( z  ~) = '/~ ~o (x~) ~, 

g = {'/~a0 [(z9 2 + (x~)~]} -~ . (2 .8 )  

The equat ion f o r  g in (2.8) is  the s a m e  as  (1.5),  a p a r t  
f r o m  a cons tan t  f ac to r .  This  i s  t h e r e f o r e  the only so -  
lut ion with a m e t r i c  def ined  by  an e x p r e s s i o n  of the  
type  (2.6).  

3 ~ . Now let  the  d e t e r m i n a n t  of  the m e t r i c  t e n s o r  
be given by 

g = [a (x 2) + P (x*)%, (x2)] -1 . ( 2 . 9 )  

Using (2.2) and (2.3),  we ge t  

6"Y + ~V" = 4F - - a "  
(~ + ~v) (~"v + ~';" + a " )  = 6 ' ~  ~ + (a '  + 6~') ~. (2.10) 

It fo l lows at  once  f rom the f i r s t  equa t ion  of (2.10)  
that  T" = • a2T. The c a s e  when T" = - a 2 " / p r o v e s  to be 
m e a n i n g l e s s .  Consequent ly ,  

= A chax  ~ + B s h a x  ~, 

6 = C c o s a x  L - + - D s i n a x  l + E / a  ~ 

(A, B, C, D, P, a=const). (2.11) 

Substituting (2.11) into the second equation of (2.10), 
we get the unique solution 

a (x s) = a 0 + a l e x p ( 2 a x  s) - -exp(ax2) ,  

7 ( z  ~) = ex p  (ax ~) 

6 (xl) = C cos ax* -}- D sin ax 1 -f- t ,  C ~ + D 2 = 4a0:q. 

F ina l ly ,  

g = [ao + a l  exp (2axe)+ A cos (ax 1 § 6) exp (ax2)l-*.(2.12) 

The  c o o r d i n a t e  s y s t e m  l ead ing  to (2.12) i s  g iven 
by  (2.1), with 

k (z) ---- a -1 (2i In sc z + b). (2.13)  

A p a r t  f r o m  a r e a l  f a c t o r  a - i  and a c o m p l e x  con-  
s t an t  b = 6 + i ~ ,  (2 .13)  is  the  s a m e  a s  k(z)  g iven  by 
(1.6). 

It can be shown that (2.2), (2.3) have no solutions 
with  g = [a (x')6 (x ~) + V (x')~ (x2)] -I, o t h e r  than (2.8) and 
(2.12), and no so lu t ions  wi thg  = a (x~)~ (x 2) + ~ (x*)5 (x2). 

It is  c l e a r  f rom the above  e x a m p l e s  tha t  condi t ion  
(1.8) .  and the  cond i t ion  tha t  the  s p a c e  be  Euc l idean ,  
can be used  e f f e c t i v e l y  to e s t a b l i s h  the e x i s t e n c e  in 

a given c l a s s  of c o o r d i n a t e  s y s t e m s  of  a s i n g l e - c o m -  
ponent  flow which does  not o r i g ina t e  f rom the ac tua l  
e m i t t e r .  
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